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Abstract

A general analysis of the n-vertex loop amplitude in a strong mag-
netic field is performed, based on the asymptotic form of the electron
propagator in the field. As an example, the photon-neutrino processes
are considered, where one vertex in the amplitude is of a general type,
and the other vertices are of the vector type. It is shown, that for odd
numbers of vertices only the SVi...V,_; amplitude grows linearly
with the magnetic field strength, while for even numbers of vertices
the linear growth takes place only in the amplitudes PV; ...V, _1,
VVi...Va_1 and AVy...V,,_1. The general expressions for the ampli-
tudes of the processes vy — v (in the framework of the model with
the effective vvee — coupling of a scalar type) and vy — vy (in the
framework of the Standard Model) for arbitrary energies of particles

are obtained. A comparison with existing results is performed.



1 Introduction

Nowadays, there exists a growing interest to astrophysical objects, where the
strong magnetic fields with the strength B > B, can be generated (B, =
m?/e ~ 4.41 - 10" Gs ! is the so-called critical field value).

The influence of a strong external field on quantum processes is inter-
esting because it catalyses the processes, it changes the kinematics and it
induces new interactions. It is especially important to investigate the influ-
ence of external field on the loop quantum processes where only electrically
neutral particles in the initial and the final states are presented, such as
neutrinos, photons and hypotetical axions, familons and so on. The exter-
nal field influence on these loop processes is provided by the sensitivity of
the charged virtual fermion to the field and by the change of the photon
dispersion properties and, therefore, the photon kinematics.

The research of the loop processes of this type has a rather long his-
tory. The two-vertex loop processes (the photon polarization operator in
an external field, the decays v — vv, v — vy and so on) were studed in
the papers [1-5]. The general expression for the two-vertex loop amplitude
j — ff — j" in the homogeneous magnetic and in the crossed field was ob-
taned in the paper [6], where all combinations of scalar, pseudoscalar, vector
and axial-vector interactions of the generalized currents j, 7' with fermions
were considered.

A loop process with three vertices is also intresting for theoreticians. For
example, the photon splitting in a magnetic field v — ~~ is forbidden in
vacuum. The review [7] and the recent papers [8-12] were devoted to this
process. One more three-vertex loop process is the conversion of the photon
pair into the neutrino pair, 7y — vi. This process is interesting as a possible
channel of stellar cooling. A detailed list of references on this process can be
found in our paper [13].

It is well-known (the so-called Gell-Mann theorem [14]), that for massless
neutrinos, for both photons on-shell and in the local limit of the standard-
model weak interaction, the process vy — vv is forbidden. Because of this,
the four-vertex loop process with an additional photon vy — vy was con-
sidered by some authors. In spite of the extra factor «, this process has the
probability larger than the two-photon process. The process vy — vy was

'We use natural units in which ¢ = A = 1, m is the electron mass, e > 0 is the
elementary charge.



studied both in vacuum (from the first paper [15] to the recent Refs. [16-20]),
and under the stimulating influence of a strong magnetic field [21-23].

So, the calculation of the amplitude of the n-vertex loop quantum pro-
cesses (yy — vv, vy — ~vv, the axion and familon processes vy — ~a,
vy — @ and so on) in a strong magnetic field is important, because these
results can be useful for astrophysical applications.

The paper is organized as follows. A general analysis of the n-vertex one-
loop process amplitude in a strong magnetic field is performed in Section
2. The amplitude, in which the one vertex is of a general type (scalar S,
pseudoscalar P, vector V or axial-vector A), and the other vertices are of
the vector type (contracted with photons), is calculated in Section 3. This
amplitude is the main result of the paper. The analitical expressions for
the amplitudes of the processes vy — vv and vy — vy are presented in
Sections 4 and 5.

2 General analysis of the n-vertex one-loop
processes in a strong magnetic field

We use the effective Lagrangian for the interaction of the generalized currents
j with electrons in the form:

L(z) = Zgz[iﬁe(ﬂf)Fﬂ/}e(x)]ju (1)

where the generic index ¢ = S, P, V, A numbers the matrices I';, e.g. I's =
L, Tp =75, I'v =7, ['a = Y475, j is the corresponding quantum object (the
current or the photon polarisation vector), g; are the coupling constants.
In particular, for the electron - photon interaction we have gy = e, I'y =
Yo Jva(®) = Aa(T).

A general amplitude of the process, corresponding to the effective La-
grangian (1), is described by fig. 1. In the strong field limit, after integration
over the coordinates, the amplitude takes the form

M, ~ % exp(—;;g) /d2p Tr { Hgkrkjksll (P—Qr} (2

where d®p, = dpodp., S\(p) = II_((py), +m)/(p; — m?) is the asymptotic



Figure 1: The Feynman diagram for the n-vertex process in a strong magnetic

field.

form of the electron propagator in the limit eB/|m? — pi| > 1,

k—1
Z{Qm Z (QurppQ;) +i(Qup@))] }. Qk—qu, Qn =0,

Riy=¢"., Ris=q¢1+C+ (qpee)+i(q0g),

¢, qf = (qp2q), @& = (ap¥q), Yap = Fas/B is the dimensionless field
tensor, Qo5 = %alﬁﬂ,,gow, is the dual tensor, and the indices of the four-vectors
and tensors standing inside the parentheses are contracted consecutively, e.g.
(agpb> = GaPapbp.
As is seen from Eq. (2), the amplitude depends only on the longitudinal
components of the momenta, if the magnetic field strength is the maximal
physical parameter eB > ¢, ¢’

3 The photons processes
Let the vertices I'y...T,_1 are of the vector type, and the vertex I',, is ar-

bitrary. It can be shown that in the limit ¢> < eB, for odd numbers of
vertices, only the SVi...V,,_; amplitude grows linearly with the magnetic



field strength, while for even numbers of vertices the linear growth takes
place only in the amplitudes PV;...V,



and it has the asymptotics

8 1
H(z) o~ 224 =22 4 223 1 6
(2) 3z+15z +35z, |z| < 1, (6)
1
H(z):—1—2—1n4\z|, |z] > 1. (7)
z

4 The process vy — vv

Let us apply the results obtained to the calculation of some quantum pro-
cesses. For the amplitude of the process vy — vv in the framework of the
model with the effective vvee — coupling of a scalar type we obtain from

Eqs. (2), (4), (5)

20 B | (1MW) (g2p®@)

M = — —gsjsm
3 7T Be 4m2[<QIQ3)ﬁ - Q%HQ:’Q,”] + Q%Hqgnqgn

2
a4
X {[q%qg — 4m2(q32,H + q%” - q%”)] H (4m2) +

2
q5
+ [qgnqgu - 4m2<q?2>u + q%H - qi\ﬂ H (47;2) +

2
q
b - @) (1) - 2 (), | )

where g, = —4 ¢ Gp/ V2 is the effective vvee — coupling constant in the
left-right-symmetric extension of the Standard Model, ( is the small mixing
angle of the charged W bosons, js = [Ve(p1)ve(—p2)] is Fourier transform of
the scalar neutrino current, g3 = p; + po is the neutrino pair momentum.

Substituting the photon polarization vector 5 from Eq. (3) into (8) and
using (6) and (7), we obtain the asymptotics:

a) at low photon energies, w < m

8a G B e
Mg ~ % 7]; % § [De(pl) Ve(_pZ)] Q%HQ%H; (9)



b) at high photon energies, w > m, in the leading log approximation:

2 2
s 16aGp B L \/qlnqm\. (10)

n

[e(p1) ve(—p2)] D)
T 2 Be \/M m

These expressions coincide with the results obtained in the paper [13].

5 The process vy — vy

The process of this type, where one initial photon is virtual, namely, the pho-
ton conversion into neutrino pair on nucleus was considered, in the framework
of the Standard Model, in the papers [22,23]. This process can be studied
by using the amplitude of the transition vy — vy, which can be obtained
from Eq. (2) in the form:

Qied

VA _
M4 = —

X (@2eM)(q22e®) (g2 [gv (§Paa) + ga(§PPas)] x

1
X D {La(quy> 20, a31) + Lalazys qups g3y) + La(quy, g3y, 92)) 35 (11)
where gy, ga are the vector and axial-vector constants of the effective vvee
Lagrangian of the Standard Model, gy = £1/2 + 2sin®fy,, ga = £1/2,
here the upper signs correspond to the electron neutrino, and lower signs
correspond to the muon and tau neutrinos; jo, = [Te(p1)Va (1 + 75)Ve(—p2)] is

the Fourier transform of the neutrino current; ¢, = p; + ps is the neutrino
pair momentum;

D = (q142)(q394); + (0143)(2204) | + (0104),(q203);-

The formfactor I4(q1y, g2, g3;) is expressed in terms of the integrals (4), (5)

Li(quy, @21, g31) = Sa(quy + a2, q4y) + S3(quy, quy) +
+83(qu) + G5 q1y) + Sz — g3y, q2)) +
+[6m® — (¢ + (J2)ﬁ — (g2 — Q3)ﬁ]54(Q1n7Q1H + qoy, qay)- (12)

Using the asymptotics of the functions H(z), we obtain

7



a) at low photon energies, w23 < m

2¢3 B GF 1

1572 B, 2 mt
X (1) (7@ ) (g2 [gv (@) + 9a(i3Pqs)],  (13)

MXA ~

which is in agreement with the result of the paper [23];

b) at high photon energies, wy 23 > m, in the leading log approximation
we obtain:

< (176" (025?) (qs8®) [Cv (1 Bqs) + Ca(1 8P )] %

1 \/ qi‘qgﬂq%“
1 ) (14)

X n
2 2 .2 .2 3
41,492,934, m

To the best of our knowledge, this result is obtained for the first time.

6 Conclusions

We have obtained the general expressions (8) and (11) for the amplitudes of
the processes vy — v (in the framework of the model with the effective vvee
coupling of a scalar type) and vy — vy (in the framework of the Standard
Model) for arbitrary energies of particles. A comparison with the existing
results has been performed.
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